Let R and 5 be commutative complete noetherian local Gorenstein domains. If the category of finitely generated maximal Cohen-Macaulay modules over R and S are stably equivalent and the equivalence commutes with the first syzygy functors, then we show that the Grothendieck groups for R and S are isomorphic. In particular, we apply this result to hypersurface rings.
Introduction
Let R and S be complete commutative local noetherian Gorenstein rings and A and A' algebras over R and S respectively such that A and A' are finitely generated Cohen-Macaulay modules over R and 5, respectively. We denote by CM^(A) the category of all finitely generated A-modules which are Cohen-Macaulay modules over 7?. If CMÄ(A) denotes the category CMÄ(A) modulo all finitely generated projective A-modules and there exists an equivalence a: CMÄ(A) -► CM5(A') that commutes with the first syzygy, we show that the stable Grothendieck groups are isomorphic (see §1 for definition). In particular we apply this to selfinjective artinian algebras over commutative local (Gorenstein) rings and to commutative complete noetherian local Gorenstein domains. These results are shown by using functor categories and using results from [2] [3] [4] [5] .
The main motivation for this work was the hypersurface case. Let T = k[[zx, ... , zr]] be the formal power series ring in the indeterminates z¡ over an algebraically closed field k of characteristic different from 2. If / is a nonzero nonunit in T, then it is shown in [8] that the stable categories of Cohen-Macaulay modules over 7? = T/(f) and S = T[[x, y]]/(f + xy) are equivalent and the equivalence commutes with the first syzygy. If R is a domain it follows from [3, Chapter 3, Proposition 1.1] that the Grothendieck group for R is determined by the stable Grothendieck group of the category of CohenMacaulay modules over R. So, by using the general result mentioned above, we show that the Grothendieck groups for R and S are isomorphic. We end the paper by giving an example showing that we cannot remove the assumption that both rings are domains.
Basic results
In this section we recall definitions and results from [2] [3] [4] [5] that will be used to prove our main result. Further, we show a result about stable Grothendieck groups for not necessarily commutative rings, that we apply to stably equivalent selfinjective artinian algebras over commutative local (Gorenstein) rings.
Let R be a complete commutative local noetherian Gorenstein ring, A an 7?-algebra that is a finitely generated Cohen-Macaulay module over 7?, and let CMR(A) denote the category of all finitely generated A-modules that are Cohen-Macaulay modules over 7?. For an additive category W denote by Mod W the category of additive functors from Wop to the category of abelian groups and by mod W the category of finitely presented functors Mod W, that ( f) is, functors F € Modíf which have a presentation ( , A) -^ ( , B) -> F -> 0 for some /: A -► B in fê. If 3°(A) denotes the category of finitely generated projective A-modules, we denote by CMÄ(A)/^"(A) = CMfi(A) the category GMÄ(A) modulo the finitely generated projective A-modules. In mod CMÄ(A) let ( , A) denote HomA( , A)/P( , A), where P(X, A) is all the A-homomorphisms from X to A that factor through a projective A-module. Then, observing that the proofs in [2, 4, 5] work with only cosmetic changes, the following results are still true in our setting, where projective and injective always mean Ext-projective and Ext-injective, respectively. Proposition 1 [2, 5] . (a) All the projective objects in modCMfi(A) are of the form ( , A) for some A in C_MÄ(A). -orders, where 7? is as above. We recall that for an equidimensional Gorenstein ring T a noetherian T-algebra F is said to be a Gorenstein T-order if F is a (maximal) Cohen-Macaulay T-module and if F is isomorphic to Homr(r, T) as two-sided T-modules [1] . In the proof of the above-mentioned result we need that modCMÄ(A), like the category CM(7?) = CMR(R), has the property that the injective and projective objects coincide. 
, which is 0 in K0(CMJA')), so that q is a well-defined homomorphism.
Since a is an equivalence, a is obviously onto. Now, we use the inverse, a~x , of a to define a map a~x : KQ(CMS(A')) -> KQ(CMR(A)), which will be an inverse of à. Hence, à is an isomorphism. For a commutative Cohen-Macaulay ring 7? let CM(7?) denote the category of all finitely generated maximal Cohen-Macaulay modules over R and CM(7?) the stable category of CM (7?). Then we have the following results, where £lR denotes the first syzygy in CM(7?). Theorem 7. Let R and S be commutative complete noetherian local Gorenstein domains. Assume that CM(7?) and CM(S) are stably equivalent by an As mentioned in the introduction it is known that if R and S are as in the above corollary and if R is a domain of finite Cohen-Macaulay type, then KQ(modR) ~ 7C0(modS). The computations of these groups for all hypersurface rings of finite Cohen-Macaulay type are given in [6] . We will end this paper with an example showing that one cannot remove the assumption that both rings are domains from Theorem 7 and Corollary 8. exact functors, and the composition G o F is isomorphic to the identity functor on CM(7?'). Hence, 7C0(mod7?') is a summand of 7<T0(mod7?) and, since 7?' is an artinian local ring, K0(modR') -Z. Therefore K0(modR) = Z, since K0(modR) is a factor of Z and Z is a summand of A"0(mod7?).
Let S = T[[x, y]]/(zx + xy), which is the A^ singularity in dimension 3. Using that CM(7?) and CM(S') are stably equivalent [8] we can find all the indecomposable Cohen-Macaulay modules over S and they are , then S' is of finite Cohen-Macaulay type (Ax singularity) and we can use the stable AR-quiver for the category CM(S') to calculate K0(modS') -Z © Z2. Similarly, as above, A"0(mod.S ) is a summand of Ti^modS) and, therefore, ^(modS1) = Z©Z2. So, 7£0(mod7?) qk KQ (modS) and, therefore, one cannot remove the assumption that both rings are domains from Theorem 7 and Corollary 8.
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